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Abstract 


In this paper we provide new asymptotic estimates of various spectral 
quantities of Zakharov-Shabat operators on the circle. These estimates 
are uniform on bounded subsets of potentials in Sobolev spaces. 

1 Introduction 

In this paper we prove asymptotic estimates of various spectral quantities of 
Zakharov-Shabat (ZS) operators 



in one space dimension. These operators appear in the Lax pair formulation of 
the focusing and defocusing NLS equation and hence their spectral properties 
are relevant for the study of these equations. We assume that ip = (<^ 1 ,^ 2 ) 
is in H y = H n x H n , N € Z>o, where H N denotes the Sobolev space of 
1-periodic complex-valued functions supplied with the standard Sobolev norm 

\M\h» := (££oII«0 1/2 > IMU 2 == fo W{x)\ 2 dx. For a given potential 
(p G H° = L 2 , consider the operator L(tp) with periodic boundary conditions 
on the interval [0, 2], Note that unless pi = <^T, L(ip) is not formally selfadjoint 
with respect to the L 2 - inner product on [0,2], 



where F = (Fi, F 2 ) and G = (Gi, G 2 ) are complex-valued L 2 -functions on [0, 2]. 
In addition, we will also consider L(ip) with Dirichlet boundary conditions on 
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[0,1] whose domain consists of all functions F = (Fi,F 2 ) in _ff 1 ([0,1],C) x 
H 1 ([0,1], C) such that 

Fi(0) = F 2 (0), F 1 (1) = F 2 (1). 


The corresponding spectra, referred to as periodic, respectively Dirichlet spec¬ 
trum of L(tp), are discrete. The eigenvalues can be listed (with their algebraic 
multiplicities) as sequences of complex numbers 

• • • A A" ^ A+ ^ A~ +1 ^ A+ +1 ^ • and • • • A Fn A Fn+i A ■ ■ ■ 

in lexicographic order ■< in such a way that 

Hn, A„ = mr + £ 2 as |ra| —> oo (1) 


- see e.g. [2], Proposition 5.3 and Proposition 6.7. Two complex numbers a 
and b are lexicographically ordered a -< b, if [Re(a) < Re(6)] or [Re(a) = Re(6) 
and [Im(a) < Im(6)]. The notation p n = n-ir + £ 2 means that (p n — wr)„ e z is 
an ^-sequence. Furthermore denote by M(x, A) = M{x, A, p) the fundamental 
solution 


M(x, A) = 


m\{x, A) 
m 3 (x, A) 


m 2 (a;, A) 
rri 4 ,{x, A) 


M(0, A) = 


of the linear system L{tp)M = AM, A 6 C. For any x G K, M{x, A) is an entire 
function in A. Let A(A) [5(A)] be the the trace [anti-trace] of M(l, A) 


A(A) := toi(1, A) + 777 . 4 (1, A), 5(A) := m 2 (l, A) + m 3 (l, A) 

and set A(A) := d\A{A). The zeros of A can be listed (with their multiplicities) 
as a sequence of complex numbers A A n ^ A n +i F ■ • • in lexicographic order 
so that 


A n = mr +as |n| —»• oo (2) 

- see e.g. [2], Lemma 6.5. Furthermore, let r„ := (A++A“)/2 and j n := A+—A“. 
Note that by ©, 

r n = nir + t 2 n and q 2 = l\. (3) 

The aim of this paper is to establish refined asymptotics of fi n , A„ , y 2 , r„, and 
A n as |n| —> 00 as well as asymptotics of other spectral quantities such as A{fi n ) 
and 8{fi n ) for potentials in with N G Z>i. For any s > 0, consider the real 
subspace of if®, 

H* := { [u, u) | u G H s } . 

For tp G H® = L 2 the operator L{p) considered with periodic and Dirich¬ 
let boundary conditions as discussed above is selfadjoint. In particular, all 
the quantities fi n , A„, r n , and A n are real-valued. Denote by u(n), n G Z, 
the n-th Fourier coefficient of a 1-periodic function u G H° = L 2 , u n := 
fg u{x)e~ 2mnx dx. 
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Theorem 1 . 1 . For ip £ H(f with N > 1, 

N-\-l q p2 

Tn = mr + — + 2 ^ 1 ^n) + <Mn)) + as \n\ ->oo 

fc=1 n n 

uniformly on bounded sets of H(f . The coefficients Ck = Ck (ip) are independent 
of the choice of n and N and can be represented as integrals of polynomials of 
and their derivatives up to order k — 1. 

Remark 1 . 1 . The coefficients Ck can be computed inductively - see Remark 
13.31 One has c\ = ^ Jq Ti(t)ifi 2 (t)dt and C 2 = /q pi(t)ip' 2 (t)dt. 

Theorem 1 . 2 . (i) For ip £ Hff with N £ Z>i, 

N -\-l p2 

( A n> A n}= {w + ^2 ^ ± V 0i{-n)(p 2 {n) + -^h-} as \n\ -s> oo . 

uniformly on bounded sets of . 

(ii) For ip £ Hf 1 with N £ Z>i, 

N +1 .4 

= n7T + ± (-n)<p 2 {n) + — as\n\ —>■ oo 

z—✓ n K n iV+± 

k=1 

uniformly on bounded sets of H(f. 

The coefficients Ck are the same as in Theorem U . 11 

Remark 1.2. Note that \~ A A+ whereas the two values of the square root 
\Jipi(—n)<p 2 {n) are not lexicographically ordered in a canonical way. For this 
reason, in item (i), the asymptotics of A„ are stated in terms of an equality of 
sets. In contrast, for ip £ , (pi(—n) = (p 2 (n) and hence f/<pi(—n)ip 2 (n) > 0, 

allowing to specify the asymptotics as in (ii). 

As an immediate application of Theorem 11.21 one gets the following 
Corollary 1 . 1 . (i) For ip £ H(f with N £ Z>i, 

_ £2 

7 „ = 2sJipi(-n)ip 2 {n) H- as \n\ ->• oo 

n + 2 

with the appropriate choice of the square root. The asymptotics hold uni¬ 
formly on bounded sets of H(f . 

(ii) For ip £ H(f with N £ Z>i, 

£ 4 

0 < In = 2|y?i(-n)l + ™ +1 as \n\ —>• oo 

uniformly on bounded sets of . 
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In [ 6 ] we need asymptotic estimates for r„ = (A+ + A“)/2. But the ones obtained 
from Theorem 11.21 are not sufficient for our purposes. We derive the sharper 
estimates from asymptotic estimates of the zeros (A„)„gz of A(A). 

Theorem 1.3. For ip € with N > 1, 

(l) Xn = 7T7T + Jfk=l «« W\ °0 

(ii) T n =mr + k=i ^ as M 00 

uniformly on bounded sets of . The coefficients Ck are the same as in Theorem 

o 

Finally, in IB] we also need asymptotic estimates for A(/i„) and 8{n n ). 
Theorem 1.4. For ip £ Ftff with N > 1, 

(i) A(/z„) = (—1)"2 + as M ->■ 00 

(ii) S(id n ) = (-1 ) n i n) - ip 2 {n)) + as \n\ -)• oo 

uniformly on bounded sets of Tiff. 

To prove the stated asymptotic estimates we need to define and study special 
solutions of L(ip)F = A F for A S C sufficiently large which admit an asymptotic 
expansion as |A| —> oo and are obtained by a vector-valued WKB ansatz, chosen 
in such a way that the error terms can be estimated in the most convenient way; 
see Section [2j where we also prove the so called vanishing lemma. In Section [3] 
we prove the above stated asymptotic estimates as well as additional asymptotic 
estimates for the norming constants n n , n £ Z, introduced and studied in [2], 
Section 8 and 10. The above stated results on the asymptotics of t„, 8(/j, n ) 

and 7 „ are key ingredients in subsequent work to prove that the nonlinear 
Fourier transform of the defocusing NLS equation is semilinear [ 6 ] and that the 
nonlinear part of the solutions of the defocusing NLS equation on the circle is 
1 -smoothing [7], 

Related work: This paper is closely related to [4] where asymptotic estimates of 
spectral quantities of Schrodinger operators —df. + q are presented. In compar¬ 
ison with U, notable differences are Theorem P which will be used as a key 
ingredient in [ 6 ] , as well as a conceptually new proof of the asymptotic estimates 
of r n of Theorem II. 31 (ii): Note that they cannot be obtained from Theorem 1 1.2 1 
(i); instead we derive them using Theorem 11.31 (11 and Corollary 11.11 together 
with the a priori estimate r n — A„ = O ( 7 ^) , established in [2], Lemma 6.9. 
The expansion of the eigenvalues of Sturm Liouville operators was pioneered by 
Marchenko |10|. For selfadjoint ZS operators, the asymptotic estimates of the 
periodic eigenvalues of Theorem 11.21 (ii) are stated (but not proved) in ID], p 
94, except for the statement on the uniform boundedness of the error terms. 
Rough asymptotic estimates of 7 ^ related to the problem of characterizing the 
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smoothness of tp in terms of the decay of the 7 n as \n\ —»• 00 can be found in T], 
i, 0 and [TO] as well as in references therein. 

Notation: Throughout the paper we use for any A £ C, x £ R, and tp £ L 2 the 
following notation 


E\(x) := 


-,—iXx 


M R-= 1 0 

e i\x I . ■ l 0 -i 


$ := 


0 ipx 

<P2 0 


2 Special solutions 

In this section we prove estimates of special solutions Fjv = Fn(x, A) and Gn = 
Gn{x,X) of the linear system L(tp)F = A F, A € C \ {0}, for tp £ Ft ^ with 
N £ Z>i which will be used to derive the asymptotics stated in the Introduction. 
These solutions are obtained with the WKB-type ansatz of the following form 


Fn(x, A) := v N (x, A) 


1 A Rn(x, A) 

a N (x, X)J (2 iX) N 


(4) 


while the error term Rn(x, A) satisfies Rn(0,X) = ( ^ I and ujv(x, A) is the 


N 


n= 1 


complex valued function 
vn(x, A) := exp ^ — iXx + i J tpi(t)aiN(t, A) dt^j , iaj y(x, A) := 
and respectively, 

G n ( x,X) := ui N (x,X) 
where 5jv(0, A) = ' ^ 


r n {x) 

(2 iX) n 


Pn{x, X)\ S n (x,X) 


(2*A) 


N 


(5) 


[X N 

wn{x, A) := exp ( iXx — i / ip2(t)j3isr(t, X) dtj, iPn(x, A) := 


•W 


r! (2*A)»‘ 

Substituting the ansatz ([4]) into LF = XF and using that v' N = (—*A+i</?iajv)tbv 
one gets 


(t - a) (I[f = (w) (6) 

where := ( ictN )' — 2iX(iajsr ) + (^i(iaAr) 2 — 732 and L = L(tp). The aim is to 
choose the coefficients r n {x) = r n {x,tp) in ia^ix, A) = ( 2 iA)I so that 
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terms of pn{x, A) of order < N — 1 in 1/A vanish. We have, 


N 


_ \ ' r n( X ) _ ^ r n+l( X ') 

PN ~ ^ ( 2iX) n ^ (2iX) n 

n—1 v ’ n—0 v ' 


■<P1 


E( E 

n—1 k-\-l=n 


rkn 


1 


2JV 


(2?;A) r 


Pi 


E ( E 

n=7V+l /c+/=n 


ntn 


(2iA) r 


P2 


where we use the convention that the sums with lower limits greater than the 
upper limits vanish and that r n = 0 for n < 0 and n > N + 1. Collecting terms 
of the same order in 1/A one gets in the case N = 1 


Pi=-(ri+p 2 ) + ^ + 


HVi 

(2zA) 2 


and for N > 2 


N-l 


PN = - 0l + <p 2 ) + (ri - r 2 ) — + E ( r ™ “ r «+ 1 + Pi X! V k r n-k) T^T 


fe=l 


(2iA) r 


N-l 

T'k^'N—k 

k=l 

2N N 


+ (r’ N + Pi 

k= 1 
2N 

+w E ( E 


(2iA) 


JV 


AT 1 


fc=l 


(2iA) 


iv+i 


T'k'f'n—k 


n—N-\-2 k=n—N 


(2i\y 


For an d 1 < n < N we thus choose ri := — <p 2 , r 2 : = = — <p 2 , an d 


r n+ i := i"™ + Pi E r k r n - k V2 < n < N - 1. 


(7) 


fc=i 


This implies that, 


(n— 1) 
= -¥>2 


-Pn • 


where (p 2 n ^ = <9" 1 <P 2 ) Pi = P 2 = 0, and for 3 < n < N, p n is a polynomial in 
<pi, <p 2 and its derivatives up to order n — 3. Hence for any 1 < n < N, 


G H 


N — n-\- 1 


Pn € H 


iV-n+3 


implying that 


r n £ H 1 . 


( 8 ) 


Hence a at ( 2 :, A) is a continuous function in a;. With this choice of r n , 1 < n < N, 
Pn can be written in the form 


Pn 


rN+i 

(2 i\) N 


+ Pi 


N 

E 

k =1 


n^iV+l-fc 


(2zA) 


JV+1 


2iV AT 

+ ^1 E ( E rkTn-kj 

n=N-\-2 k—n—N 


1 

(2iX) n 
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where 


N-l 


r N+ i := r' N +p i ^ r k r N - k . 


(9) 


fc =1 


As above one sees that 


(JV) , 

rjv+i = '+pn+i 


and pn+i = Pn+i{p) is a polynomial of pi, p 2 , and their derivatives up to 
order TV — 2. Hence, 


tat+i £ A 2 and pn+i £ 77 2 . 


( 10 ) 


By ([5]) one has p i ^2 k = n -N r kr n -k £ H 1 for any TV + 1 < n < 2N. Hence pn 
is of the form 


Pn = r Ar+i 


1 


(2tA) 


N 


+ (INI 


1 


1 


(2iA) 


AT+l 


dN 2 


(2*A) 


N +2 


( 11 ) 


where ajvi = a N i(p) := p 1 J2 k=1 r k rN+i-k £ H 1 and oat2 = a N2 (X,p) is a 
polynomial in 1/A of order < TV — 2 with coefficients in H 1 . Equation (JG)) then 
reads 


(L - A )R n = 


0 

rAT+i +a N i aix +®N 2 


v N 


( 12 ) 


and 


vn(x, A) = e “ A exp ^ ^ irnd< )(2T^) ' 

By ©, pi r n dt and consequently vn(-,\) are in T7 2 ([0,1],C). We have 

“ p (£(i tpir ” <ft )(2^)= 1 -2k/ ¥W<# + o(A) (13) 

where we use that rq = — 1 /? 2 - For any A > 0, the estimate (fl3l) holds uniformly 
for |A| > A, 0 < x < 1, and uniformly on bounded sets of p in TT/ V . Equation 
IS then takes the form 


0 


/at 


1 


(L — \)Rn = E\{ — x) I , ) , /at = Tat +1 + dNl 7 p~\ + a Af 2 


1 


2iX 


‘ (2*A) 2 


(14) 


where 


AT ,x 

Oivi(</?) = y^rkVN+i-k - r N+ i / P 1 P 2 dt £ A 2 ([0,1], C) 

fc=1 - 70 


and oat 2 = dN 2 (X,p) is analytic as a map from C \ {0} x with values in 
L 2 ([0,1],C). The maps qni(X,p) and aN 2 (X,p) are bounded on bounded sets 
of uniformly in |A| > A. 
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Now let us turn to the special solution Gn • Substituting the ansatz (JoJ into 
the linear equation LF = A F and using that w' N = (iX — if 2 pN)wN one gets 




Cat 


wn 


( 2 i\) N V 0 

where eqv := — (T/3/v)' — 2TA(T/3jv) + if 2 (*/3w) 2 — fi- Note that 


(15) 


a N 


N f / \ N — 1 / \ 


E fnW _ y- 


^ (2zA) n ^ (2zA) 

i=l v ' n—0 v J 

N 


<P 2 


£( £ 


SfeS; 


1 


(2TA) r 


2 N 

+ F2 SkSl ) 


1 


(2iA) r 


V i- 


n=2 /c+/=n v y n=AT+l fc+Z=n 

Collecting terms of the same order in 1/A one gets in the case TV = 1 

s' 0 

cri = -(Si + ifl) - 7TT + 


2iX (2iX) 2 ' 

and for TV > 2, 

(si + If 1) - (si + S 2 ) — + ( - S 'n - s «+l + Fl 


(JN = — 


SkSn—k 


N-l 


n =2 

1 


k= 1 


(2zA) r 


AT 


+ ( - siv + ¥>2 g **«*-*) + v>2 ( g SfcSAT+l-fe) (2jA)7V+1 

2N N 

+Vi £ ( £ 

n=AT+2 k=n—N v y 

For G TF^ and 1 < n < TV we choose Si := — ¥> 1 , s 2 := —si = </?i, and 

n—1 

S„+1 := s' n + f 2 ^2 s k s n-k V2 < n < TV - 1. 

This implies that, 


(16) 


k=1 


s n = (-l)”^” ^ + q n , 

where <p[ n 1 ' ) = qi = q 2 = 0, and for 3 < n < TV, q n is a polynomial in 

ipi, ip 2 and its derivatives up to order n — 3. Hence, for any 1 < n < TV, 


s n G H 


N-n-\-1 


and q n G FT 


■N-n+3 


implying that 


s n G FT 1 . 


(17) 
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Hence, /3jv(x, A) is a continuous function of x. With this choice of s n , 1 < n < N, 
on can be written in the form 


on = 


Sn+1 


(2iX) 


N 


+ ¥>2 


N 

^ SkSN+l-kj 
' k =1 


(2iA) 


JV+l 


2N 

( 


N 

y ^ Sk^n—k 

n=N- f-2 k=n—N 


(2i\y 


where 


iV-l 

sat+i := — s'n + ^2 y, SkSN-k ■ 
k= 1 


As above one sees that 


(18) 


stv+i = (-l) Ar+ Vi iV) + 9JV+1 

where gjv+i = qN + i(tp) is a polynomial of (pi, (p 2 , and their derivatives up to 
order N — 2. Hence, 


Sat+i S A 2 and ?at+i S f? 2 . (19) 

By (HU) one has <p 2 Y,k=n-N SkSn-k € H l for any N + 1 < n < 2N. Hence on 
is of the form 

aN = SN+1 Wxr + hN 1 j2i^ + bN2 (2aF+^ (20) 

where b N i = &jvi(<a) '■= <P 2 J2k=i s kSN+i-k € H 1 and &jv 2 = 6 jv 2 (A, y?) is a 
polynomial in 1/A of order < N — 2 with coefficients in if 1 . Equation (fl5l) then 
reads 


(L - X)S N 


^sjv+i + 


^Wl2lA 

0 


"N2 



W N 


( 21 ) 


with 


w N (x,X) 



By G3, f* tp 2 s n dt and consequently wn{-, A) are in _fl 2 ([0,1], C). Furthermore, 



where we use that Si = —ipi. For any A > 0, the estimate (1221) holds uniformly 
for |A| > A, 0 < x < 1, and uniformly on bounded sets of ip in . Then (f 2 TT) 
reads 


(L - X)S N = E\(-x) 



9N = Sjv+1 + bNl-T—r + bN2 
2iX 


1 

(2iA) 2 ’ 


(23) 
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where 


N 

&N1 i}P) = ^2 Sk^N+l-k + $N+1 
k=1 


P 1 P 2 dt G L 2 ([0,1],C) 


and &tv 2 (A, y>) is analytic as a map from C\{0} x with values in L 2 ([0,1], C). 

The maps bNi(tp) and &W 2 are bounded on bounded sets of H(f uniformly in 
|A|>A. 

As a next step we want to estimate Rn [Sat] by using that it satisfies 
the inhomogeneous linear ODE (1141) [ ([23]) ] with initial conditions Rn( 0, A) = 

(o) [' S '^( 0 > A ) = (o) ]■ 

For the proof of the main results in Section [3] we need the asymptotics of 
RN(l,€n) an d Sn{ l,£ n ) as |n| —► oo for sequences £„ = nn + O(-). Denote 

(n) ■= 1 + M- 


Proposition 2.1. For a given sequence (£n)nez of complex numbers £, n = mr + 
a n such that \a n \ < for some positive (independent of n) constant a > 0 
and for any p G H(f 


(i) R N (l,£ n ) 


( fo VlTN+1 dA 

Vi(-l) n+1 (^ iV) )(n)y 



n 


(a) s N ( 1 ,£„) 


( X L fo F2SN+1 dt 



n 


where the estimates hold uniformly for (£„)„gz with \a n \ < and uniformly 
on bounded sets of ip’s in H(f. 


Proof. The estimates (i) and (ii) are proved in a similar way and so we con¬ 
centrate on (i) only. Recall that by (THl) . (.L — ^„)Rn = -£?£„(—a?) ^ ^ where 

/at = r n+i + aAfi 2 ^ + a N 2 ( 2 i£ n p ■ In addition, R N satisfies R N (0,£ n ) = (0,0). 
As e l * nS = 0(1) uniformly in s G [—1,1] and n G 2, we get from Corollary 14.21 
in Appendix A, with M\(x, A) and Q(x) defined as in (l45l) and (ITfl) respectively, 
that i?Ar(l,£n) admits the following asymptotic expansion as |n| —> oo 


Rn(1, £ra) = ^2 A-NkO-i in) + TTT- B^ k (l, £„) + O^ — ^ 
fe= 1 fc= 1 " 


where 


A N l(1 ,in)-^.jl e i M l-2t )rN+i{ t)dt) 
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^W2(l>£n) — 



0 

»*£„( i-2t) 


a N i(t)dt 


B§ i(l,^„) =2i£„M 1 (l,& l ) 


/o' 


0 




r N+ i(t)dt 


BUhin) - ( Q(1) fi e ie K a-2 t ) rN+l(t)dt ) 
B5 3 (l,€ n )=-iEt n {l)J 2C„Mi(t,^)( e _ i 5 ntr ° jv+iW ) dt 


BUhdn) - ( f i e iua-2t) Q(t)rN+l(t)dt ) 

and the estimate is uniform on bounded sets of H^ and on sequences = 
mr + a n ,n £ Z, with \a n \ < AV. The terms in the expansion are treated 

individually. Concerning recall that tn+i = — +Pjv+i where 

Pjv+i £ H 2 . By Lemma l5Jl of Appendix B, 

f 1 e iMi-2 t)ip m {t)dt = ( _ ir( Jw )(n) + ft. 

Jo n 

Furthermore, integrating by parts and using that pn+i is 1-periodic 


f e* a(1 2t) p N+1 (t)dt =—?—pjv+i(0)2isin£„ + -J— f e <n(1 2t] p' N+1 (t)dt. 

Jo 2z£ n J o 

Note that sin£ n = (—l) n sina n = O(y-). Integrating by parts once again then 
yields 

j\^ 1 - 2 » PN+1 m = o(± I ). 

Altogether we thus have proved that 


A-ni{ in) — 


i{-l) n+1 {ip ( 2 N) ){n) 


Towards A^ 2 (l,£„), recall that by (fTdl) . 


N 

a An = pi ^2 r k r n+ i-k - vn+iQ £ L 2 ([ 0,1], C). 

fc=l 
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By Lemma 15.11 in Appendix B it then follows that 


‘ 4Ss(1 ’ 60 - 

Concerning B$ 1 (l,£ n ), recall that by (l45ll in Appendix A, 

2^ n M 1 (l,U) = (E U (- 1) - 1))$(0) - £ e „(l)P ?n (l) 

where P{„(1) = fg E^ n (— 2t)$’(t) dt. Hence 2£„Mi(l,£„) = 0(1) and using 
that Mi(l, £ n ) is off-diagonal one concludes again from Lemma [5711 in Appendix 
B that 

=2i£„M 1 (l,£ n ) (j 0 1 e -2^t rjv+lW ^) = (o) • 

Similarly, one sees that 

= ( Q(1)f i e i M i-«) rjv+l(t) dt) = (c) 

and 

BUhU = i-2t) Q(t)rN+l(t)dt ) = (4) ■ 

It remains to consider 

B5 3 (l,Z n )=-iEi n {l)j\ n M 1 (t,£ n ) L-it n tr N+1 ( t ^ dt. 

By (SSI) 



2£ n Mi(*,£„) = E in {-t)^(t) - P 4 „(t)$(0) - E^ n (t)P in (t) 
where P^„(t) = /q (— 2x)$'(x)dx. Hence 


2&,Mi (*,&,) \^ e -iUt rN+1 ( t ) 

_ (<pi(t)r N+1 (t) - e 2i f"Vi(0)Ov + i(t) - rjv+i(t) fg e t2 ^ x ~^ip[(x) dx 

■ V 0 

By Lemma ISTTl in Appendix B, f () l e~ 2l ^ nt r n +i(f) G and 

J er 2l ^ nt ^r N+1 {t) J e l2 ^ nX ip^x) dx'j dt € £ 2 . 

As e -1 ^" = (—1)" + O(i) it then follows that 


r>R 
n N 3 


(1,6,) = ‘PjW’-A'+.W^ + ^ . 
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Altogether we have proved that the claimed asymptotics of i?Ar(l,£ n ). Going 
through the arguments of the proof one verifies that the claimed uniformity 
statement holds. □ 


Next we will prove the following vanishing lemma. 

Lemma 2.1. For any ip £ H™ with N £ Z>i, 

f ipiru dt = f ifi2Sk dt VI < k < N + 1 
Jo Jo 

where rk [sfc] are given by 0 and J9]) [ (flfil) and (USD]- a s a consequence, 
fo tpi{t)a N (t , A) dt = f* ip 2 {t)/3 N (t, A) dt for any A £ C. 

Proof. Let <p be an arbitrary element of Hj? with N £ Z>i and let f n , n £ Z, be 
as in Proposition l2.il The claimed identities follow from the Wronskian identity, 
applied to the special solutions Tat, Gn constructed above, 


det [F n ( 1,£„) GW(1,£„)] = det [F N (0,£ n ) Gjv(0,^)], n £ Z. (24) 
By the definition of F N and Gn one has 

det [ZV(0,{„) G„(0,{„)] = det . 

To compute the left hand side of C41) . note that by o and ©, 

and 

GW(l,fn) = e l|n exp ( - i J <p 2 {t)p N {t,£, n ) dt) + 

where we used that aN{x,£,n) and ffN{x,f n ) are both 1-periodic in x. This 
together with Proposition 0T] imply that det [.F/v(l,£„) Gjv(l,£n)] satisfies the 
estimate 

g'/o 1 (<Pi{t)<XN(t,M-V>2(t)PN(t£„)) dt ^ et f 1 /3n{ 0,Crt)\ | q/ 1 A 

\a N (0^ n ) 1 J \ n N+1 J 

For |n| sufficiently large, |ajv(0,£ n )/3jv(0, £ n )| < \ and hence 


det 


1 /3jv(0, f n ) 

C*jv(0,£n) 1 


7^0, 


iplying that exp (z f* (<pia N (t, f n ) - ¥>2/3jv(i, £«)) dt) = 1 + O(^rFr) or 


exp 


N 

(E 


zt ( 2 ^-) A 


(ipi(t)r k {t) - ip2(t)s k {t)) dt) =1 + • 
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Taking the logarithm of both sides of this formula for n sufficiently large one 
concludes that 


f (pi(t)rk(t)dt = f ipi(t)sk{t) dt VI < k < N. (25) 

Jo Jo 

In case <p G H^ +1 , the latter identity also holds for k = N + 1. As rjv+i and 
sn+i are polynomials in tpi, p 2 and their derivatives up to order N, the identity 
continues to hold for any <p € H^ as the embedding H™ +1 ^ is dense. □ 

Lemma [2~~il and Proposition 12.II lead to the following formulas for Fjv( 1, A) and 
Giv(l,A), 


where 


= U(o,a)) + < 26 ) 

Gn(1, A) = A) ) e ie ” + A) (27) 


aw(0, A) 


l k W’ 


Pn{ 0, A) 


. Y s fc(0) 


r 1 N ^ / f 1 \ 1 

0 N (X):=X- pia N dt = A + iV / pi (t)r k (t) dt) . (28) 

Jo k = 1 V Jo 2 

Furthermore, in view of Lemma [m the estimate of Sjv(lj£n) of Proposition 
12.11 can be written in terms of rjv+i instead of sjv+i- The two estimates of 
Proposition 12.II thus read 


-Rjv(l,£n) 


(^U l o 1 VlTAH-l + C 
\i(-l) n+1 (ip { 2 N} ){n)J n 


S N ( U„) = 


Here we used that ajv(l, A) 


l ^klo^ N+1 dt ) + n- 
= a N (0, A) and / 3 N ( 1, A) = /3jv(0, A). 


As an application of the estimates obtained so far, we consider the 2x2 ma¬ 
trix Mn(x, A) := (Fn(x,\) Gn(x,X)) with columns F^(x, A) and G^{x, A). 
It follows from the definition of a jy and /3 jv that there exists A > 0 so that 
|o;jv(0, A)/3(0, A)| <1/2 implying that in view of the Wronskian identity, for any 
|A| > A and 0 < x < 1 

| det Mn(x, A)| = | clet Mjv( 0, A)| = |1 — ajv(0, A)/3(0, A)| > 1/2. 
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The constant A can be chosen uniformly on bounded sets of (p’s in Hff. For 
|A| > A one then verifies that M(x, A) = Mn{x, X)Mn(0, A) -1 reads 

1 


M(x , A) = 


1 CX^fj ]y 


( F n - cx 0 n Gn Gn — Pn^n) 


(29) 


where a° N = a%(\) := o+O.A) and = (3%{ A) := /3jv(0,A). For £ n = mr+ 
with \a n \ < + , a > 0, and |£„| > A, one then gets 


M(U„) = 


1 


fmNliCn) m N2 (Cn 


1 - a° N (€n)P %(+) \m N 3{in ) ™JV 4 {i n 

where 

™-Ni(in) :=e~ ie ^M - a° N (i n )p° N (i n )e ieN ^ 

(-1 r 


(30) 


+ 


(2 iin) 


N+l 


r 1 £2 

(fir N+ i dt + 


1 0 


n 


N+l 


m N2 {in) :=P° N {in)(e ie (^(-n) + 


(-2i++ 


iV+1 


n 


tHjv 3 (£„) :=<&(&) - e i6, "(«+ 


*(-l) n+1 


( 2 iin) 


» SFll") + +r 


m^fe) :=e iew ^) - a^(C„)/3^(^)e-^^) 


(-D 


n+l 


(2 iin) 


N+l 


J N V 

fl £2 

^l^V+l dt + 


/o 


W+l 


Recall that A(A) [<5(A)] denotes the trace [anti-trace] of the Floquet matrix 
M{ 1, A) whereas 

2*Xd(A) = (m 4 +m 3 - m 2 - mi)| (ljA ). 

We obtain the following 

Proposition 2.2. Let G /+ and let (i n )ne z a sequence of complex num¬ 
bers i n = T?7T + a n such that \a n \ < ■+ for some positive (independent of n) 
constant a > 0. Then for |n| sufficiently large so that |o A r(+)/3^(+)| < 1/2, 
the following holds: 


(i) A(£„) = 2 cos 9]\f{i n ) + ^tvtt 

(ii) 

(Hi) 


(ii) 5(f n ) = 2i sin M60 + *(-!)" 0M ~' n ) ~ +(+) + ^TT : 


o- (t- \ a Af(+))(l /+(+)) 0 - • a (t \ I 

2!Xd&) = i-«»„({„)«(&) 2,S ‘" M&)+ 

+ *(-l) n+1 (</>i(-n) + <£ 2 (n)) + 

2 (_ i )«+ 1 r 1 ^2 


(2?;tt^„) 


AT+l 


iy9irjv+i dt 


nN + l ■ 
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and uniformly on 


These estimates hold uniformly for ((„) n£ z with \a n \ < 
bounded sets of p’s in Hff. 

We finish this section by providing asymptotic expansions for l?jv(l,£ n ) = 
d\RN{^,fn) and S]v(l,£n) = 9\Sn (1, £ ra )- Arguing as in the proof of Proposition 
l2Jl one obtains the following 


Proposition 2.3. For complex numbers = nn + a n with \a n \ < and 


(i) 


( 2\L +1 fo Vi(t)rN+i(t) dt \ £ 

\(-l) n fo e~ i2n ^(2t- l)r N+1 {t)dtJ n 


(a) S N (1, f n ) = 


Vir/o 1 


e i2nnt (2t-l)s N+1 (t)dt\ e 


\ ' ( 2!L + Jo Vl{t) r N+l(t)dt J ' n 

where the estimates hold uniformly for (f n )ne z with \a n \ < and uniformly 
on bounded sets of p’s in H. 

Proposition 12.31 leads to the following asymptotics for A(£ ra ). 

Corollary 2.1. For complex numbers = ?r7T+a n with \a n \ < and p £ H 


A(£ n ) = - 0 N (f n )2sme N (^ n ) 


2i(-l) 


n+1 


Pi(t)r N +i(t) dt 


i-iV+l 


(2 i£n) N+1 Jo 

where the estimate holds uniformly for (£n) n ez with \a n \ < and and uni¬ 
formly on bounded sets of p’s in Ft. 

Proof. In view of (13U1) we have 


A(A) =2cos0w(A) 


1 - a° N p% (2i\)" 


^(i?7v(l, A) — a° N S N (l, A)) 1 


+ (Sn(1, A) — (3%Rn(1, A)), 


(31) 


where we denoted by (-)i [0)2] tlue first [second] component of the expression 
R N {l,\)-a° N S N (l,\) [£jv(1, A) — /3jy-i?jv(l) A)]. Recall that 


1 1 

a° N =ow(0, A) = —— rfe (0) = o(-) 

k =1 V ' 

N i ^ 

/d° N =/3jv(0, A) = -i ]T (2iA)* Sfc (°) = °(a) 

implying that (a° N )', (/3%)' = O(jj) and (a%fl%)' = 0(jj) Furthermore, by 
Proposition 12.11 

RN(l,tn),S„(l,£ n )= (^Pj . 
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Hence taking the A-derivative of (I3T1) yields 


A(£n) = -0 N (^n)28m9 N (^ n ) + ^ ^ n (R N ( l,£n)l + S N (l,^ n ) 2 ) + n N +1 ■ 

By Proposition 12.31 it then follows that 

2 ?(—l ) n+1 r 1 f 2 

A (6>) = - Mgn)2sinfljv(gn) + (0 s N +1 / Pl(t) r N+l(t) dt d ■ 

Going through the arguments of the proof one verifies that the claimed unifor¬ 
mity of the estimate holds. □ 


3 Proof of the main results 


The aim of this section is to prove the results stated in the introduction. 

Proof of Theorem \l -4\ Let <p £ Hff with IV > 1. The Dirichlet eigenvalues 
H n satisfy 2 iXD(Pn){ = (m 4 + m 3 — m 2 — mi)|(i iJ[in )) = 0. By Lemma [6.21 in 
Appendix C, \fi n — nir\ < for any \n\ > Ub■ Increase ns if needed so that 
l Q;( /v(/' t n)/3jv(^™)| < 1/2 for any \n\ > ns- By Proposition ^. 21 (iii) it then follows 
that 


(1 - a° N (fi n ))( 1 - /3° N (fi n )) 


1 a %(fin)f3%(fin) 

*(-l )” +1 ( l Pi(-n) + <P2 (n)) + 


2ism9 N (fL n ) = 
2 (— 1 )" / 


( 2 z 7 rn) 


JV+l 


Pi'i'N+i dt + 


7 iV+l ' 


As a° N (fi n ) = 0(%) one concludes from the formula above that 

sin 9 N (fi n ) = ^jr (32) 

and therefore 

/--- £l 

COS 9 N (fl n ) = ±Y 1 - sin 2 9 N (fin) = ±1 + 

To determine the sign in the above estimate note that fi n = rnr + 0(1 /n) and 
by the definition of 0 /v(/in), 

d N (fin) = fin + = n-K + 0(J-^J . 

pi 

Hence, cos 9jsr(fi n ) = (—1)™ + - 3 V. By Proposition 12.21 fib it then follows that 

A( f .„) = 2 (-ir + AL 
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as claimed. 

As )&!) = °(n) 0ne has in view of ® that 


I^N^hn) 

1 O^il^n) P%{Fri) 


2 i smd N (fi n ) 


tN+1 


and thus by Proposition ^. 21 (ii), 


KVn) = i{-l) n - <p 2 (n)) + ^pr- 

Going through the arguments of the proof one sees that the estimates hold 
uniformly on bounded sets of potentials p in . □ 

The asymptotics of Theorem 11.41 can be applied to obtain asymptotics of the 
eigenvalues of M(l,/z n ), referred to as Floquet multipliers of M(l,p n ). They 
are given by (see e g j 2 ] ; p. 50 ). By the Wronskian identity their 

product is 1 and hence for any n £ Z, MBxAtfiBul does not vanish. In view of 
the asymptotics in Theorem II.41 for \n\ sufficiently large 


:= 2 log ((-1 )" A ^+^ ) 
is well defined on bounded sets of <p’s in Hf. 

Remark 3.1. Actually, according to Theorem 10.3, the n n ’s are defined 
and analytic in a complex neighborhood W of L 2 in L 2 for any n £ Z and when 
complemented with the p n ’s form a system of canonical coordinates on L 2 . 

Theorem 11.41 leads to the following 

Corollary 3.1. For p £ Hff with N > 1, 

t 2 

Kn = i(<pi(-n) - p 2 (n)) + ^ +1 as \n\ -> 00 
uniformly on bounded sets of Hff. 

Proof of Theorem \l.l[ Let p £ Hf? with TV > 1. By Lemma [6721 in Appendix C, 
\p n —mr\ < |Ty V|n| > ns ■ ChooseriB bigger if needed so that \a ( j v (p n )P'^(p, n )\ < 
1/2 for any \n\ > ns■ By Proposition 12.21 (iii) it then follows that 


2i{-l) n sm0 N (p n ) =2T n 


where 


T n := i 


. <pi(-n) + fain) 


( 2 T/Xn) 


JV+1 


^irjv+i dt 


v/V+l ' 


Note that (—1)" sin #/v(Atn) = sin (0/v(Abi) — mi). Hence 7j n := i(0N(lXn) — m r) 
satisfies e rin — e~ Vn = 2 T n . The quadratic equation e 2r,n — 2 T n e Vrl — 1 = 0 then 
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yields e r,n =T n + ^/1 + T%. By taking the logarithm of both sides of the latter 

identity and in view of the definition (1281) and the estimate T n = it then 
follows that 


N 


i(n n - mr) - ^2 


1 


fc=l 


(2 i/i, 1 k 


. + (f>2{n) 


n) J 0 
1 


(fiir k dt = rin = 

r 1 


( 2 i/r n ) 


JV+l 


< Pir N +i dt + 


10 


,iV+1 


leading to 


N+l 

Mn =mr - i ^2 


( 2 i/i n ) k J 0 


ipir k dt- 


<Pi(~n) + V> 2 (n) . C 


n 


N+l ' 


(33) 


Unfortunately, fi n appears also on the right hand side of the latter asymptotic 
estimate. To address this issue we use an argument applied first by Marchenko 
in (TU] (see also, [Jj, p. 260). Introduce F(z) := iYl k =i ~ fc an d write 

Cn '■= l^n — n 7 T so that 


Hn mr + Cn 7T + V " 

We approximate F(- —) by approximating Q n by C(^) i n the above expression for 
d- where ( is an analytic function so that near 2 = 0, Ci z ) +F( v+z ^^ ) = 0. To 
find C, introduce G(z,w) := w + F(—f+j)> defined in an open neighborhood of 
(0,0) in C 2 . Note that G is analytic, G(0, 0) = 0, and <9,„G(0,0) = 1. Hence by 
the implicit function theorem there exists near z = 0 a unique analytic function 
£ = £(z) so that £(0) = 0 and G(z,((z)) = 0 for z near 0. It follows that £ 
has an expansion of the form £(z) = Y^kLi c kZ k . The coefficients c k ,k > 1, can 
be computed recursively from the identity £(z) = ~F( jr+z ^ z <^ ). In this way one 

sees that for any k > 1, c k are expressions in f* (p-j_r k dt, 1 < k < N + 1. Now 
let us compare F(-^~) with its approximation F(-+) where v n := mr + £(i). 

Using —-— = we verify that 

° fl n V n fin 11 n J 


where 



(34) 


(35) 


as £(0) = 0 and + = O(^). Rewrite (l33l) as £„ = -F(jj-) + and subtract 




(36) 
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to get 




implying, in view of ([Ml), that (1 — F n )(( n — £(^)) = By (HT5|) one then 
concludes that Cn ~ C(^) = which by (l34l) and (l36l) yields 

F (-) + <( i )=- F (-)- F '(-) 

Vu„/ \nJ V/i„/ \v n J 


i.N +2 • 


Altogether we have proved that 


1 \ , <Pi(~n) + fain) £ 2 


Hn =mr - f(—) + 

' /^n ' 2 

, <Pi{-n) + <p 2 (n) 


n N+l 


—TVK + ( 


1 


AT+1 

E 

*:=i 


2 

Cfe , <pi(-n) + <p 2 (u) , ^ 


i.JV +1 


which proves the claimed asymptotic estimates. Going through the arguments 
of the proof one verifies that the estimates hold uniformly on bounded sets of 
<p’s in Hf?. □ 


Remark 3.2. As mentioned above, the Ck s can be determined recursively from 
the identity £( z) = —F( ^ + f ( .^ ). One computes 


a = -^-J ipi(t)<p 2 (t)dt, c 2 = ^J pi{t)y' 2 (t)dt. 


Proof of Theorem 1 1.21 Let ip € Hf? with TV > 1. By Lemma [6.31 \\± — nn\ < 
jiy for \n\ > ub ■ Comparing with the case <p = (0,0) it then follows that 

A(A^) = 2 and A(A^ n+1 ) = —2 for |2n| > ns- It means that Xf n [A± n+1 ] 
are periodic [antiperiodic] eigenvalues of L(ip) for \n\ > The proof of the 

asymptotic estimates of the periodic and antiperiodic eigenvalues are similar 
so we concentrate on the asymptotics of the periodic ones only. Note that the 
periodic eigenvalues A^„, |2n| > ns, satisfy the equation 

det (M n ( 1, \f n ) - M n (0, A±)) = 0 

By (ITill) (1271) and Proposition 12.II 


M N (l,Xf n )= I E- 


e~ if>N + a 1 


a" N e z6n + a 3 


P° N e ie » 


N 

e if>N + a 4 


a 2 


where, with ei = (2iX ± )N+1 fo Ti^N+idt 


a\ = e\ + ■ 


1 


n 


JV+l 


e 2 


a 4 = —e 4 + 


, JV+l 
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a 3 = e 3 + 


1 


and with e 2 = iipi(— 2 n), e 3 = —+ 2 ( 2 n) 

. 1 "O 

«2 = e 2 + 


,JV+1 


,JV+rn 


1 

-,0 

■*AT 


and where a%,P%,0^ are evaluated at \f n . As M+O+JJ = 

det {M n { 1, Aa,,) - Mjv(0, A±J) is given by 

(e""* - l + ai)(e iew - 1 + a 4 ) - (a^e""" - ag + a 3 )(/3^e 1 ^ - ^ + a 2 ). 

Hence ?y n = + := e l 6 Jv(Aj„) satisfies the following quadratic equation 
arin + brj n + c = 0 where 

a = —1 + ofpfl 3jy + Ui — / 3 jy<i 3 , c = 1 + + (Z 4 oPjy(i 2 

b = 1 + (1 — ai)(l — a 4 ) — Ojv/^v — (c+ — a 3)(/3)v — a 2 ). 

Note that —b = a+c+A where A := a 2 a 3 — 0104 . Hence rj n = — ^ + ^Vb 2 — 4 ac 
can be written as 


Vn = 


Of d“ C + A 1 /T - T 3 - . ,- 7 - 777 

---h — y/{a - c ) 2 + 2A(a + c) + A 2 . 

2 a 2 a 


(37) 


We will address the question of the sign of the root below. First let us analyze 
the size of the various terms in the above expression for rj n . Concerning the 


term a+ £ A = f + C ~°+ A , note that c - a = - 2 ei + 


2 a 


2a = — 2 + 0( + ). Hence 


T^TT, 


A = 


c — a + A 


= 1 + ei 


2 a * UA+ 1 ' 

Concerning the expression inside the square root in (1371) . one has 

e 01 


and 


(38) 


and 


{d — c) — Ac 1 + 


A = e 2 e 3 + e\ + e 2 - 


,2N+2 > 


A = 


,4JV ’ 


,JV+1 


+ e 3 - 


,N+1 


+ 


,2N+2 ' 


As a + c = — 2 + 0 (^ 2 ) one then gets 

(a - c ) 2 + 2A(a + c) + A 2 = -4e 2 e 3 + /+ 
where e 2 e 3 = <pi(— 2 n)(f> 2 ( 2 n) and 

t 2 l 1 


f' 

7 + 

h 2n = e 2 


JV+1 


e 3 - 


T1 n 

Combining these estimates yields 


N+l 


+ 


■j 2 n+2 


s ^ w (A n ) = l + ei - i J e 2 e 3 + + 


,2AT+1 ■ 


,AT+1 • 


(39) 


(40) 
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Taking the logarithm on both sides of the latter identity then leads to 


0 Jv(A^„) - 2 nn = -ie i + ^/e 2 e 3 + hf n + 


N+l ' 


(41) 


i N +1 ' 

Finally in view of the definition (f28l) of we conclude that 

=2mr - i ^ ± u . / Wfc dt + y'e 2 e 3 + ^4 + - 

fe _l \^ ZA 2n) JO '' 

To address the issue of the sign of the root in (1371) . introduce 
^ : = {| 2 n| > | |/i 2 „l < |e 2 e 3 |/ 2 }. 

It then follows that for \2n\ > with 2?r ^ A + (~l A - , |e 2 e 3 + hf n |3 = —Sp¬ 
iral + 2 

implying that |e 2 e 3 | a = —w-r- For 2n £ A + fl A~, note that e 2 e 3 ^ 0. Denote 
H 3 

by -£/e 2 e 3 an arbitrary branch of the square root (which might depend on n) 
and by erj £ {1,-1} the sign of the root determined by (l37l) so that 


JV+1 1 f 1 /- 

\f n = 2 nn - i V , / (pmdt + cr e 2 e 3 + hf n + 

fc=l y ZlA 2 n) Jo 


,N +1 ' 


Let Ao := {2n £ A + fl A | cr+ = er n }. (Note that Aq could be empty or finite). 
By Lemma fTTl y/e 2 e 3 + hf n — ^/e 2 e 3 < for any 2 n £ A 0 . As by 

Theorem 11.31 for any 2 n £ Aq 


T+ V e2e 3 + + On ^e 2 e 3 + h. 

it follows from Lemma 15.21 that 

| 2 -v/e 2 e 3 | < y/e 2 e 3 + + y/e 2 e 3 + h 


2n nA r+i 


\/e 2 e 3 + - v/e 2 e 3 + y/e 2 e 3 + h 2n - ^/e 2 e 3 


+ l^ral 1 ^ 2 + I^J 1 ^ 2 — 


,JV+1 ' 1 2ra 


JV+i ‘ 
n ^ 2 


Hence we have proved the following asymptotic estimates 

, N+1 i /*i _ ^2 . 

{A^„, A 2n } = | 2 mr - i i . / ^ir fc dt ± s/<pi{-2n)tp 2 (2n) + ~ 1 ^- I } . 

k fe=1 \ Zl *2n) JO fl 2 J 

By applying as in the proof of Theorem II. II Marchenko’s argument one obtains 
the claimed asymptotics of item (i). 
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Towards item (ii) we first remark that for tp £ H 7 N , tpi(—2n) = f> 2 { 2 n) and 
therefore e 2 e 3 = |<£i(—2n)| 2 . Our starting point is formula (I4T1) . As in the case 
at hand |e 2 | = \ez\ we can write e 2 e 3 + hf n , given by (HOI) as follows 

e 2 e 3 + hf n = (|e 2 | + g 2n ) 2 + kf n 


where g^ n = and k^ n = ^tv +2 ■ Now define 
A ± = || 2 n| > n B 


\kt\ < 


e 2| +gtn)\ 2 


}■ 


For \2n\ > n B with 2 n £ A + , |(|e 2 | + g 2n )| 2 = -Jw+s , implying that \e 2 \+g% n = 

and hence |e 2 | = Similarly, if \2n\ > n B with 2n ^ A~, \e 2 \ = ^ntt- 
If 2 n £ A + fl A ~, then by Lemma 10701 (i), 




e 


4 

n 


n N+1 


where y/~- denotes an arbitrary branch of the square root. Arguing as in the proof 
of item (i) and taking into account that Xf n < A^~„ the claimed asymptotics 


JV+l 


Xf n =2mr-iY^ 


1 


k —1 


(2iA* )* Jo 


tpir k dt ± |^i(- 2 n)| 


i 


4 

n 


n N+1 


follow. Going through the arguments of the proofs of (i) and (ii) one verifies 
that the stated uniformity property holds. □ 

Proof of Theorem 1 /. 71 (i). By Lemma 16.21 |A„ — n7r| < for any \n\ > n B . By 
Corollary 12.II for \n\ > n B 

('_1')U + 1 j-l p. 

A(An) = -0 N 2sm0 N \ x=kn +2i (2i\ )Ar+i J q Ti r N+i dt +. (42) 

By dEDi 0 N ( A) = A + i ( 2 iXF Jo P irk dt and hence d N (X n ) = 1 + 0(£). 
Therefore Ayr(A n ) = 0 yields 

sin0Ar(A„) + ia n = 0 


where a n = ^ w+1 p>\ r N+i dt + JtT+i ■ Introduce the following sequence 

g n := e l6N ^ Xn \ As 2 i sin0jv(A„) = gn—gj 1 it then follows that g^—2a n g n —l = 0 
implying that g n = a n + (-l) n fjl + a 2 = (-1)” + a n + 0(a 2 ). Taking the 
logarithm on both sides of the latter identity leads to 9n{X n ) = mr — i(—l) n a n + 
0 {al) or 


X n = nir — i 


N +1 

£■ 

k =1 


(2*A„)* 


Pi Vk dt - 


i.N+1 ' 
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Arguing as in the proof of Theorem ll.il fuse Marchenko’s argument) it follows 
that 

N + l M 

\ — c fc , "n 

\ n — rnr i 2_^ nk + n N+i ' 

fc=1 

Going through the arguments of the proof one verifies that the latter estimate 
holds uniformly on bounded sets of . □ 

Proof of Theorem U. 1\ (ii). According to [2], Lemma 6.9, for any ip £ L 2 there 
exists no > 1 and a neighborhood V of <p in L 2 so that 

T n = X n + 0(7n) > n Q 

uniformly on V. As Hf ^ L 2 is a compact embedding it follows that r n = \ n + 
0('y 2 ) uniformly on bounded sets of Hff with AT > 1. The claimed asymptotics 
of r n then follow from item (i) of Theorem 11.31 and Corollary 11.11 □ 


4 Appendix A: Asymptotic estimates of M 


In this appendix we prove asymptotic estimates of the fundamental solution 
M(x, A) of the linear system L(tp)M = A M for ip £ Hf. Recall (see e.g. (2], 
Section 1) that for ip £ L 2 , M = M(x, A) is a continuous function on [0,1] x C, 
given by the infinite series M = o -^n with Mq(x, A) = E x (x ) and, for any 
n > 0, 

M n+ i(x, A) = / E\(x —xi)R$(xi)M n (xi,\)dxi 
Jo 


where 


E\(x) 



( 0 <pi(x)\ 

\p 2 (x) 0 ) 


Note that for any n > 0, M 2n is a diagonal 2x2 matrix whereas M 2n+ i is 
off-diagonal. In the sequel we will always assume that ip £ H\ if not stated 
otherwise. Then M (x, A) is a continuously differentiable function in 0 < x < 1 
and A £ C. Throughout the appendix we will use the elementary identities 

&[x)E x {x) = E x {-x)<f>(x ), [R,E x (x)) = 0, R 2 = -1, and R<S> = -<RR. (43) 


We begin by taking a closer look at Mi(x, A), M 2 (x, A), and M^(x, A). By C51) . 
one has Mi(x, A) = fj E x (x — 2 t)R$(t) dt. Integrating by parts and taking into 
account that for A £ C \ {0}, 

E x (x-2t) = -^-Rd t (E x (x-2t)) (44) 

we get 

Mi(x, A) = -L (£ A (-a;)$(aO - E x (x)$( 0) - E x (x)P x (x)) (45) 
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where 


P\{x):= f E x (-2t)&(t)dt, &(t)=dMt). (46) 

J o 

Substituting the expression (1451) for Mi into the expression 

M 2 (x,X) = f E\(x — xi)R$(xi)Mi(xi, A) dx\ 

Jo 

one gets M 2 (x, X) = ^(/ + II + III) where 

I := [ E\(x - xi)R^(x 1 )Ex(-xi)^(xi)dx 1 

Jo 

leading in view of (l43|) to 

I =E x (x)RQ(x), Q(x) := f ipi(t)ip 2 (t) dt, (47) 

Jo 

II :=- [ E x (x - xi)R$(xi)E\(xi)&(0) dx i = -Mi(x, A)$(0) (48) 

Jo 

and III := — f* E x (x — 2xi)R$(xi)P x (xi) dx\. The latter term can be inte¬ 
grated by parts to get with (l44l) 


III = - 


f I x 

— J (E\(x - 2xi)$(xi)P\(xi))'dxi + 
4/ E x (x - 2xi)( < &(x 1 )P\(xi))'dxi. 

As P x (0) = 0 and <&(xi)E x (—2xi) = E x {2xi)<&(xi) one gets 

III = - 1-E x (-xMx)P x (x) + -L E X (X ) J $(®i)$'(a:i) dxi- 
J E x (x-2xi)&(x 1 )P x (x 1 )dxi. 


(49) 

(50) 


1 

2A. 


Combining (l47l) - (l5Tl) then yields 


M 2 {x, A) - E x (x)RQ(x ) = ~^M 2 (x,X) 


(51) 


(52) 


where 


M 2 {x, A) =2XMi(x, A)4>(0) + E x (—x)<b(x)P x (x) — E x (x) / <&{x\)&(x\)dxi 

Jo 

( E x (x-2xi)&(x 1 )P x (x 1 )dx 1 . (53) 

Jo 
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where, in view of (1451) . 

2AMi(x, A)$(0) = P A (-x)$(x)$(0) - P A (x)$(0) 2 - P A (x)P A (x)$(0). (54) 

Let |A| be the operator norm |A| := max \Ax\ of a complex matrix, A := 

_l*l=i 

( a,ki)i<k,i< 2 , where |x| = i/|xi| 2 + |x 2 1 2 , x S C 2 . Note that for any a, b G C, 

= max(|a|, |6|). 


a 0 
0 b 


0 a 
b 0 


(55) 


One easily sees that for any y £ R, 

\E x (y)\ < e l ImA "< 

In particular, for any 0 < t < x < 1, one has |P A (x — 2t)\ < e I ImA l x , 

\E x (x)P x (x)\ < f |P A (x - 2tm\t)\dt < el ImA l-||^||^x, 

Jo 

where we used that max(|a|, \b\) < \a\ + \b\. Note that by Sobolev embedding, 

l$(x)| = max|<^(x)| < c\\y\\ H i (56) 

1 = 1,2 

for some constant c > 0. Using formula (l54l) for 2AMi(x, A) one verifies that for 
an absolute constant C > 0 

\2XMi(x, A)$(0)| < Ce |ImA| “|Mlffi. 

The other terms in the formula (1531) for M 2 (x, A) are estimated in a similar way, 
yielding |P A (-x)$(x)P A (x)| < ce 1 ImA|a: ||^||^ 1 , 

P A (x) /'%(x 1 )$ , (x 1 )dx 1 
Jo 

and, taking into account (1551) and 

|x — 2xi + 2x 2 | = |(x — xi) — (xi — x 2 ) + x 2 | < |x — xi| + |xi — x 2 | + x 2 = x, 
for any 0 < x 2 < Xi < x, 

[ P A (x-2xi)$'(xi)P A (xi)dxi 
Jo 

< J |<U(xi)|(/ |P A (-x + 2xi - 2x 2 )||$ , (x 2 )|dx 2 j dxi 

< e |ImA| " J* l*'(*i)l( |*'(x 2 )|dx 2 ) d Xl < el ImA l"||^|| 2 


H 1 ' 


We thus have proved that there exists an absolute constant C > 0 so that 

|M 2 (x,A)| < Ce |ImA| l<p||^ 1 , VO < x < 1, A G C, G H\. (57) 


26 











Next we consider M 3 (x, A) = f*E x (x — xi)R<S?(xi)M 2 (xi, X)dx\. Note that by 

(EH), 


M 3 (x, A) = ^IV - ^ J E x (x-x 1 )R^(x 1 )M 2 (x 1 ,X)dx 1 

where 

IV := / E\{x — Xi)R<&(x\)E\{xi)RQ{xi) dx\. 

Jo 

One concludes form (l57l) that for any AeC\{0},0<i<l, p £ Hi 

\M 3 (x, A) - -^rIV\ <—^ / \E x {x - x 1 )R^{xi)M 2 (.xi,X)\dx 1 
2A 4|A|- 7 0 

< ^ J Im A l a ’||o3|| 3 , 

-4|A| 2e IMh1 

where we used that \E x (x — xi)| < e l Im A|(a:—a=i)^ 0 < Xi < x. The term IV 
can be integrated by parts. As R 2 = —Id 2x2 and = —i?<f> one gets IV = 
/y E x {x — 2xi)<&(xi)Q(x\) dx\. As by (Hill , integration by parts then yields 

IV = ~^X J 9 Xl (E x (x - 2x 1 ))R$(x 1 )Q(x 1 )dx 1 = + ^jVI 

where 


V:=E x {x 


2xi)$(xi)Q(xi)| , 


VI := [ E x {x 
Jo 


2xl)i?($(xl)(5(xl)) , dx i. 


As Q(0) = 0, we get in view of (l56ll that 


and 


\V\ = E x (-x)$(x) / pi(t)p 2 (t)dt 


< ce 


| Im A | a? 


Ilv-ll 


m 


\VI\ < J \E x {x- 2xi)i?$'(xi)|^y \tp 1 (t)p 2 (t)\ dt^j dxi 

+ [ \E x (x - 2xi)R$(xi)\\(pi(x 1 )ip 2 (xi)\dx 1 
Jo 

<e\ l '" x \*(l + c)M 3 m . 


Altogether one then gets Ij^IV] < _^Ap. e l Iln (f _|_ 2c)||(/?||^i hence for any 
A £ C \ {0}, 0 < x < 1, and p £ H\ 

\M 3 (x,X)\<^e^^\\pf H1 (58) 
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where C\ = 1 + 2c + C. Finally, for any n > 1, M n+ 3 ( 2 :, A) can be written as 



E x (x+2'^2(-l) k x k +{-l) n x n 'j ( R$(xj))M 3 (x n , \)dx n 


Similarly as above, one has for any sequence 0 < x n < • • ■ < X\ < x, 


n— 1 


X + 2 '^ 2 (-l) k Xk + {-l) n X n < \x-x 1 \ + \xi-x 2 \~\ - hl^n-i-Xnl =X~X n . 


Hence \E\{x + 2^fc=i(— l) fc £fc + (— l)"^rt)| < e l Im -M( x x n). With (f5Hl) it then 


follows that 



Combining this with (l52l) and m we get the following estimate for M = 



Theorem 4.1. There exists an absolute constant C > 0 so that for any 0 < 
x < 1, A £ C \ {0}, and ip £ Hf, 



where M\(x , A) = f* E\(x — 2t)R3>(t) dt equals 



Remark 4.1. Note that E\(x)+Mi(x, X) + j^E\(x)R J* <pi(t)ip 2 (t) dt is an ap¬ 
proximation of M(x, A) for |A| large where M\(x, A) is off-diagonal and E\(x) + 
j^E\(x)R fo ipi(t)(p 2 (t) dt is a diagonal matrix. 

Theorem 14.11 leads to similar estimates for the inverse of M{x, A). By the Wron- 
skian identity, det M(x, X) = 1, the inverse of M = f ™ 1 ^ 2 J is given by 



( 59 ) 



one has 


\ a j\ < |Al| < ITjoo |ai| + | a 2 1 + | <2.3 1 + |<24 1 VI < j < 4 
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we get that 


|M v |<|M v | 00 = |M| 00 <4|M|. (60) 

The asymptotics of Theorem l4.1l together with (15§1) and (ISU1) lead to the following- 
asymptotics of M(x,X)~ 1 . 

Corollary 4.1. For any 0 < x < 1, X G C\ {0}, and ip G Hf 

M(x,X)~ x - E x (-x) + Mx(x,X) + -^E x (-x)R j <pi(t)ip 2 (t) dt 
AC 

where C > 0 is the same constant as in Theorem E3 

Theorem 14.11 and Corollary 14.11 are used to obtain asymptotic estimates for the 
solution of the inhomogeneous equation (L(ip) — X)F = f 

(L(<p) — X)F = f, F(0,A) = (T\(0,A),F 2 (0,A)) = (0,0) (61) 

where / = (fi,f 2 ) G L 2 , X G C \ {0}, and ip G H\. Substitute the ansatz 
F(x, A) = M(x, X)c(x, X) of the method of the variation of parameters into 
equation m and use that R 1 = — R to see that 

F{x, A) = -M(x, A) [ M(t, X)~ 1 Rf(t) dt. (62) 

Jo 

By Theorem 14.11 and Corollary 14.11 

F(x, A) =- (e x (x) + Mi(x, A) + ^ E x [x)RQ{x ) + 0 (^ 2 )) 

J* (- E x (-t ) - Mi(t, A) - l-E x (-t)RQ(t) + o(^)) Rf(t) dt 

leading to the following 

Corollary 4.2. For any ip G H*, and f G L 2 , the solution F{x, A) of (ICTH) 
admits for |A| —> 00 the asymptotic expansion 

1 4 1 

F(x, A) = A(x, A) + — Y, Mx, ^ + o(-^||/||l*) 

A fc=1 

where A(x, A) = — Jg RE x (x — t)f(t ) dt, 

B^x, A) = —2XM±(x, X)R [ E x (-t)f(t) dt, 

Jo 

B 2 {x, A) = Q(x) f E x {x — t)f(t) dt, 

Jo 
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B 3 (x,X) 


E x (x) f 2XM 1 (t,X)Rf{t)dt, 
Jo 


Bi{x, X) 



t)Q(t)f(t)dt , 


with Mi(x,X) as defined in (l45l) and Q(x) as in dUD - For any B > 0 and 
Aim > 0 the estimate above is uniform in 0 < x < 1, |ImA| < Ai m , and 
IM Iff 1 < B. 


5 Appendix B: Auxilary lemmas 


First we prove an estimate on perturbed Fourier coefficients used throughout 
the paper. See e.g. [2], Appendix D, for similar results and references. 

Lemma 5.1. Let f £ L 2 ([0,1],C) and let 

(t>n(x) = [ e l ^ x ~ 2t) f{t)dt, n G Z 

Jo 

with a sequence of complex numbers £„ = rnr + a n such that \a n \ < for any 

n £ Z with a > 0, and (n } = max(l, |n|). Then for any 0 < x < 1, 


E 

nEZ 


{■ny 


fin{x) - 


0 i , nn(x—2t) 


fit) dt 


2 


< e 


2a || 


2 

L 2 - 


In particular, for x = 1, fg e tnn ( 1 2t \f(t) dt = (—1 ) n f(n) and hence 


(E<»)%(l)-(-D B /(n)| 2 ) 

n(EZ 


1/2 


< e a 


I l 2 - 


Proof. Setting g n {x) = fi n {x ) — fg e mn ^ x 2t ^f{t) dt one gets 

g n (x) = e i%n{x ~ 2t) (e ia ^ x - 2t) - l) f(t) dt. 
Expanding e l “nfo-2t) j n ^ 0 a p 0wer series in x — 2f, one obtains 


9n{x) = Y 


k=1 


(i«n) 

fc! 


k r x 


{x - 2 t) k f(t)e lvn{x - 2t) dt. 


Denoting the last integral by fk,x,n and using that |a„| < a-^y yields 


o° u 

1 ^ a K 


1 9ni x )\ < , , E , | I fk,x,n \ ■ 
' ' fc=l 


(63) 
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Note that fk,x,n is the n’th Fourier coefficient fk,x(n ) of 

“ (x-2t) k f(t)e i ™ x l [0<x] (t). 
Multiplying (1M1) with (n) 2 \g n (x)\, we get 


oo k 

J2( n ) 2 \9n(x)\ 2 \fk,x( n )\( n )\9n{x)\ 

n£Z k—1 nEZ 

which by Cauchy-Schwarz can be bounded by 

OO fc 

^^(^( n ) 2 \9n(x)\ 2 y(^2\fk,x{ n )\ 2 y < e a (J2^ 2 \9n(x)\ 2 y \\fk,x\\L2 

k=1 nEZ 


nEZ 


nEZ 


implying the claimed estimate. 


□ 


In Section 4 we frequently use the following elementary estimates of the square 
root. For xeC \ {0} denote by D\ z \/ 2 the disc of radius \z\/2 centered at 0. 

Lemma 5.2. Let ff- be an arbitrary branch of the square root, defined on z + 
£>1*1/2, 2 e c \ {0}. Then for any for any h £ D\ z \/ 2 , 


(?) \\/z + h— \fz\ < 


\h\ 


\2z\V 2 


and (ii ) \f/z + h — \fz | < \f\h\/2 . 


Proof Note that + h — f/z = ^ \ y} +th dtj h implying that 


□ 


6 Appendix C: Rough estimates 

In this Appendix, for the convenience of the reader, we prove standard rough 
asymptotic estimates for the Dirichlet eigenvalues fj, ni the periodic eigenvalues 
A±, and of the zeros A„ of A(A, ip) as |n| —> 00 for potentials ip £ Hf. These 
estimates are needed as a starting point for the proof of our results. 

Let M( x, A) := M{x , \) — E\(x). By [2], Theorem 2.3, for 0 < x < 1, |A| > 1, 

£ e Hi 

IT ,, 3 (1 + 

\M(x, A)| < ^- %\\ H ,. 

Hence for any Ai m > 0 and B > 0 there exists A > 1 so that for any A £ C with 
|A| > A, |ImA| < A Im 


1 A 


e^\M(x,X)\<~ V0<®<1, W\\ip\\ Hl <B. (64) 
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It implies that 


\M(x, A)| < e Alm + 

Using Neumann series to compute M(x, A ) -1 it then follows that 


\M(x, A ) -1 — E\(x)~ 1 \ < 2e 2 Al ”|M(x,A)| < 


A 


(65) 


( 66 ) 


As E\(x) 1 = E x (—x) this implies that 


A 


(67) 


\M(x, A)" 1 ! < e |ImA|x + — < e Alm + 1. 

|A| 

Estimates (l64l) (l67l) will now be used to provide estimates of 

M(x, A) := d\M(x, A) and M(x, A) := <9 2 M(x, A) 

Let E\{x) = d\E\(x) and E\(x) = d x E x (x). 

Lemma 6.1. For Ai m > 0 and B > 0 there exist A > 1 and C > 0 so that for 
any |A| > A with | ImA| < Ai m , 0 < x < 1, and ||^||//i < B 


(i) \M{x,X)-E x (x)\ < i]X|, 

|M(x, A) < e Alm 

+ b 

(ii) \M(x,\) - E\{x)\ < 

\M(x, A)| < e Al “ 

' + c\ 

(in) |M(x, A) - E x (x)\ < 

|M(x,A)| < e Aln 

' + c\ 


Proof, (i) has already been obtained above: see IHll) m (h) By [2, Corollary 
1.5, M satisfies 

M(x, A ) = - [ M(x, A )M(t, X)~ 1 RM(t, X)dt 

Jo 

Let (M(x, A) _1 )f := M(x, A ) -1 — E x (—x) then 

M(x, X) = — [ (. E x (x)+M(x,X))(E x (-t)+(M(t,X)~ 1 y)R(E x (t)+M(t,X))dt. 

Jo 


- / E x (x)E x (-t)RE x (t)dt = -E x (x)Rx = E x (x). 


Note that 


The estimates (IMl) (RT7I) then imply that there exists C > 0 so that 

1 


\M(x, A) — E x (x)\ < C 


|A| 


VA, x, ip 
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as in the statement of the lemma. As |£\(a;)| = |.E,\(:e)||.R||£| < e Alm , the 
claimed bound of M(x, A) follows as well. 

(iii) Note that M satisfies LM = AM + 2 M. Hence by [2], Proposition 1.4, 
M{x, A) = - f* M{x, A )M(t, X)~ 1 R2M(t , A )dt 

= -fo (E\(x) + M(x, A)) (E\(—t) + (M(t,\)~ 1 J)R2(E x (t) + M(t,X))dt 
where M(t, A) = M(t, A) — E\{t). As E\(t) = —E\{t)Rt one sees that 

pX pX 

- / E x {x)Ex{-t)R2E x {t)dt = / E x (x)R 2 2tdt. 

Jo Jo 


Using that E x (x) = E x (x)R 2 x 2 one obtains 

Ex{x)Ex{-t)R2Ex{t)dt = E x (x). 

The estimates (i),(ii), and (l66l) (l67ll then imply that by choosing C of (ii) larger 
if needed one gets \M(x, A) — Ex(x)\ < C-m- for A, x and tp as in the statement 

of the lemma. As \E x (x)\ = \E\[x)\\R\ 2 \x\ 2 < e Alm , the claimed bound for 
M(x, A) follows as well. □ 

The rough asymptotic estimates for fi n and A„ as |n| —► oo are as follows. 

Lemma 6.2. For any B > 0 there exists ub > 1 so that for any p> G with 
IMIff 1 < B 

(i) | fj, n - nir\ < jir V|n| > n B ; ( ii) |A n - n7r| < V|n| > n B ■ 

\n\ \n\ 

Proof, (i) According to [2], Section 5, for any ip £ L 2 , the Dirichlet eigenvalues 
of L(ip) are the zeros (with multiplicities) of the characteristic function xd(2C), 



Xd(A) = ^r(m 4 (l, A) + to 3 (1, A) -m 2 (l,A) -mi(l,A)) . 

Using that by Lemma [6.11 (i) with Ai m = 1, the absolute value of each entry 
of M(1,A) — -EA(l) is bounded by for any |A| > A with |ImA| < 1 and 
M H* < B, it then follows that 

|2*(xd(A) - sin A)| = |(m 4 (l, A) - e lA ) + m 3 (l, A) - m 2 (l, A) - (mi(l, A) - e _iA )| 
can be estimated as |2 *(x_d(A) — sinA)| < 4^ -jjj leading to 

|xd(A) -sinA| < i^j. ( 68 ) 
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Increasing A if needed and arguing in a similar way it follows from Lemma 16. II 
(ii) that 


|Xd(A) - cos A| < 2 C 


1 

w 


(69) 


Using that H\ embeds compactly into L 2 one concludes from [2], Lemma 5.2, 
that there exists no > 1 so that 

|/r„-n7 r|<i V \n\ > n 0 , V |M|#i < B. 

In particular, | Im/u n | < A for |n| > no- Now choose nr > no so that 

, 1 

\nin\ - - > A 
4 

Then |/u n | > A for any |n| > m and hence by (l68l) (l69l) 


.... A A 

I XD{Hn) ~ Sin /in | < |-J- < --— 

|Mn| |n7r| - 


Ixd(A) — cos A| <2C| 
Expanding \d at rnr one gets 


V |A-rar| < -. 


\d (/in) - XD(nn) = (n n - rnr) / Xn(n7r + t(/r„ - nn))dt. 

Jo 


(70) 


Note that XT? (/in) = 0 and by (1551) . for any |n| > n\ |xd(«tt)| < so 
that the left hand side of the identity (|70l) is O(jAj-). On the other hand with 
x(t) = — nn) one has 

°o 

cos(n7r + x(t)) = (-l) n cos x(t) = (-l) n (l + ^——(z(t) 2 )^ 


fe =i 


implying that 


| cos(n7r + x(t)) — (—1)"| < \x(t)\ 2 e^ x ^ < — VO < t < 1 


and hence 


f 1 1 

/ cos(n7r + t{n n — mr))dt — (— 1)" <- V|n| > n\. 

Jo 4 


By (IM1) it then follows that 

/ XD{nir + t(n n - nn))dt - (-l) r 

Jo 


1 

< - + 


2U 


4 ' M - A ' 
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Choosing 712 > n\ so that 


2 C 1 

M - 3 “ 4 


V|n| > ri2 


then implies that for any \n\ > n 2 

f 1 1 

J XD{mr + t(n n - mr)) dt >-. 

Hence flTOl) leads to the estimate 

\Hn — fm\ < 2-j——r V|n| > n 2 , V||<p|| ff i < B, 

\mt\ 


showing that ns > r *2 can be chosen as claimed in item (i). 

Concerning (ii) recall that A(A) = mi(l,A) + 7 / 14 ( 1 , A). Lemma ICTTl (ii), (iii), 
with Ai m = 1 implies that for any |A| > A with | Im A| < 1 and ||<p||#i < B , 


|A(A) + 2 sinA| < 


2 C 

W’ 


|A(A) + 2 cos A| < 


2 C 

w 


where A(A) = dfA(X). Now argue as in the proof of item (i) to conclude that 
(after choosing ns larger if needed) (ii) holds. □ 


As in the case treated in [2], Section 6 , where <p £ L 2 C , the estimates for the 
periodic eigenvalues are more involved. It turns out that the same method of 
proof as in [ 2 ] works. 

Lemma 6.3. For any B > 0 there exists ub > 1 so that for any + £ with 

IMU 1 < B ^ 

|A^ — 7 i 7 r| < -j—- V|n| > n B . 

\n\ 

Proof. According to [2] , Section 6, the periodic eigenvalues of L(ip) are the zeroes 
(with multiplicities) of A 2 (A) — 4. By , Lemma 6.4, there exists no > 1 so that 
|A^ — ri 7 r| < i V|n| > n 0 and ||+||i/i < B. Furthermore, A(A^) = 2(—l ) 71 V|?/| > 
no- The cases where n is even and where it is odd are treated in the same way 
so we concentrate on the even case only. One then has A(A„) — 2 = 0. Arguing 
as in the proof of Lemma 16.21 (ii) one sees that by Lemma 16.11 applied with 
Aim = 1, one has for any |A| > A with | Im A| < 1 and ||+||_f/i < B , 

|A(A) — 2cosA| < p— and |A(A) + 2sinA|, |A(A) + 2cosA| < — (71) 

I'M Al 

where A(A) = <9 2 A(A). By Lemma RT?1 one can choose ?/i > max(?/ 0 , 8 ) so that 
|ni 7 r| > 4A and 

-mr\,\n n -mr\ < i ^ V|n| > m. (72) 
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(73) 


By (1711) it then follows that for \n\ > m, 

2 c 1 

| A(A) + 2 cos A| <-p-r VA with |A — ri7r|<—. 

|A| 8 

Expanding A at A„ up to order two and then evaluating the expansion at A„ 
one gets, using that A(A„) =0 and A(A±) = 2 

2 - A(A„) = (A± - X n ) 2 [ A(A„ + t(A± - A„)) • (1 - t)dt. (74) 
Jo 

In order to use this identity for estimating |A„ — A n |, we need to bound the 
absolute value of the latter integral away from zero. Let x(t) = X n — nn + 
t(A± — A„). As x(t) = (1 — t){X n — mr) + t(\± — mr) one has |a;(i)| < \ for 
\n\ > rii and 0 < t < 1. Together with the estimate 

°° | 

| cos (mr + x(t)) - cos mr\ < ^ (\x{t)\ 2 ) k < |x(t)| 2 e |x(t)|2 (75) 


it then follows that for \n\ > n\ with n even 


f 2 cos(A„ + t {- A„)) ■ (1 - t) dt - 2 f (1 — t)dt 

/ 0 Jo 


< 


Combined with (1731) one then gets 

rl 


A(X n +t( A„ - A„)) • (1 - t) dt - 1 


1 2 C 

< - + T-:- 


(76) 


By choosing ri 2 > n\ so that 


9C I 


(77) 


one concludes that for |n| > 77,2 with n even and ||</j||#i < B , 


A(A n + t(\± - X n )) ■ (1 - t) dt 


> 


and in turn, by m, 


|A±-A n | 2 <2|A(A„)-2|. 


(78) 


To get the claimed asymptotics of X± for n even we need to show that A(A„) — 
2 = 0 (^ 2 ). First we prove that A(/z„) — 2 = 0 (^ 2 ). To this end recall from 
[2], Lemma 6.6, that A 2 (fi n ) — 4 = <5 2 (/r„). Write A 2 (fi n ) — 4 as a product 
(A (fi n ) — 2)(A (fi n ) + 2). In order to bound |A(/x„) + 2| away from 0, note that 

|A(p.7T,) 21 A 12 cos fjyn 21 T |A(|/ yi ) 2cos//n|, 
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\2 cosiJ, n — 2\ < \fj, n — ri7r| 2 e^ n ra7r l < ^ V|n| > 7i 2 , n even 

8 

where we used (USD, and by USD, 

A A 1 

i—T - i—i— r ^ o V M ^ n 2- 
I/M \nn\ - g 8 

We then conclude from ED that 

|A(/x n ) - 2 | < i i V|n| > 7 i 2 , n even 

O | !^n \ ^ 

implying that |A(/x n ) + 2| > 4 — |A(/x„) — 2| > 1 and in turn 

|a< '*" ) “ 21 - jiSyrw - |4<m ” )|2 ' 

By Lemma 16.11 (i) and Lemma 16.21 (i) 


\6(n n )\ < |t7I 2 (1,/7„)| + |m 3 (l,//„)| < < r^r 

I/M M 


V|n| > ri2 


yielding 


|A(/z„) — 2| < 


A 2 


V|ri| > 772 , 7i even. 


(79) 


Finally we estimate A(A„) — 2 by evaluating at fx n the expansion of A(A) in A„ 


A (n n ) - A(A„) = (nn - A„) 2 / A(A„ + t(n n - A„)) • (1 - t)dt. 


By (1721) . {jin — A„) 2 < A- Arguing as in the proof of (1761) one sees that 


A(A„ + t(fi n - A„)) • (1 - t)dt 


< 2 . 


Hence |A(/z n ) - A(A„)| < ^ and when combined with (1751) . the inequality (1781) 
yields |A± - A n | 2 < 2(^ + 4^) or |A± - A n | < 2^+4. Using the inequality 
|A„ — 7 i 7 r| < jA_ of (1721) and |A± — nn\ < |A„ — 7 i 7 r| + |A± — A n | one gets 


|A„ - nir\ < — (l + 2A + 4) 

M 

yielding the claimed statement for n even. 


□ 
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